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The morphological evolution of strained ﬁlms is of technological importance to microelectronics and nanotechnology.
The morphological instability of a bilayer system is analyzed, consisting of an elastic ﬁlm and an elastic substrate with a
misﬁt strain on the coherent interface. A kinetic model is derived by considering the morphological ﬂuctuations of diﬀerent
perturbation amplitudes along both the free surface and the interface and the coupling eﬀect between the ﬁlm and the sub-
strate. The couplings include the misﬁt strain, surface/interface energy, and surface/interface diﬀusion, which determine the
morphological instability of the system. A quadratic dispersion relationship is established for the growth rate of the lon-
gitudinal surface and interfacial perturbations along the free surface and the interface, respectively. The propagation of the
surface perturbations is revealed from the free surface to the interface, and the characteristic frequencies are identiﬁed for
the initiation of the morphological instability.
 2007 Elsevier Ltd. All rights reserved.
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Solid thin ﬁlms have been extensively used in microelectronic and optoelectronic devices. It is known that
the interfacial stresses between a thin ﬁlm and a substrate can introduce an elastic ﬁeld. To lower elastic
energy, the ﬁlm may evolve over time and form small islands by lattice diﬀusion, surface diﬀusion, grain
boundary diﬀusion, and interface diﬀusion. The phenomenon of stress-induced surface instability of solids
has recently received great attention because of its relevance to the morphological instability of ﬂat surface
and the formation of islands during heteroepitaxial growth of thin ﬁlms. It is generally believed that localized
stresses play an important role in controlling the evolution of surfaces and interfaces.
Asaro and Tiller (1972) investigated the surface evolution of a two-dimensional semi-inﬁnite elastic space
subjected to a non-hydrostatic stress. Grinfel’d (1986) discussed the instability of the interface between a non-
hydrostatically stressed elastic body and a melt. Spencer et al. (1993) investigated the stability of a vapor–ﬁlm0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2007.09.021
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studied the evolution of cycloid-type surfaces by obtaining a semi-analytical solution of the stress ﬁeld in a
stressed elastic half-space. Panat et al. (2005) considered the growth of surface undulations controlled by sur-
face diﬀusion and lattice diﬀusion in a stressed solid. Spencer and Meiron (1994) analyzed nonlinear evolution
of the stress-driven surface instability of a two-dimensional solid. Considering the eﬀect of mechanical stresses
on the morphological instability of a cylindrical surface, Colin et al. (1997) revisited the Nichols and Mullins
work (1965) by introducing the eﬀect of uniaxial tensile stress. Kirill et al. (1999) analyzed asymmetric surface
evolution of a long cylinder. Yang (2006) studied the stress-induced surface instability of an elastic layer. Song
et al. (2005) analyzed the stress-driven evolution of waviness in an elastic layer over a rigid cylindrical sub-
strate by assuming frictionless contact between the elastic layer and the substrate. Yang and Song (2006) later
revisited the stress-driven evolution of an elastic layer on a rigid cylindrical substrate by considering the eﬀect
of stick contact between the elastic layer and the substrate.
Considering multilayer structure, Sridhar et al. (1997a,b) examined the eﬀect of misﬁt stress on the inter-
facial stability controlled by interfacial diﬀusion, in which they assumed the interfacial perturbations of the
same amplitude with the same phase or the opposite phase. Junqua and Grilhe´ (1995) used the dislocation
mechanics to analyze the interfacial instabilities of a layer conﬁned by two semi-inﬁnite solids from the ener-
getic viewpoint, in which the interfacial perturbations had the same perturbation amplitude with the same
phase or the opposite phase. Lu et al. (2004) discussed the eﬀect of the substrate thickness on the interfacial
stability in an epitaxially strained ﬁlm deposited on a substrate. Huang and Desai (2003) investigated the
stress-driven morphological instability of epitaxially growing multilayer ﬁlms. Recently, Yang and Song
(2005a,b) investigated the eﬀect of electromechanical interaction on the stability of a planar surface. All of
these analyses have provided valuable information on the dependence of the evolution of surfaces and inter-
faces on elastic stresses.
In general, it would be very diﬃcult if not impossible to have the surface/interface perturbations of the
same amplitude due to the eﬀect of surface roughness. Under such a condition, there exist coupling and com-
petition between the surface instability and the interface instability; and the ﬁnal surface topology of surface
coatings depends on the dominant mechanism controlling the evolution of the perturbations. The study of the
coupling eﬀect can determine the important parameters controlling the quality of surface coatings, such as the
surface topology and the interfacial topology. However, there is little study on the eﬀect of the interaction
between a surface perturbation and an interfacial perturbation on the stress-driven morphological instability
of a stressed elastic ﬁlm, in which the perturbations have diﬀerent amplitudes.
It is the purpose of this work to investigate the coupling eﬀect between a free surface and an interface on the
morphological instabilities of an elastic ﬁlm deposited on an elastic substrate. In the analysis, two small sinu-
soidal ﬂuctuations of diﬀerent perturbation amplitudes are introduced; one along the free surface and the
other along the interface between the ﬁlm and the substrate. The evolution of the surface and the interface
is controlled by the gradient of chemical potential associated with surface/interface energy and the stored
strain energy. Surface and interface diﬀusion are considered as the dominant mechanism of mass transport
in the characterization of the quasi-equilibrium surface and interface of the crystalline elastic layer. The linear
perturbation analysis is used to derive the dispersion equation.2. Problem formulation
Consider the morphological evolution of a stressed elastic layer of thickness, h0, which is deposited on an
elastic half-space as shown in Fig. 1. The system consists of two phases, solid and vapor, in a Cartesian coor-
dinate system ðx; yÞ. The interface between the vapor and the ﬁlm is taken as a free boundary described by
y ¼ h2ðx; tÞ (h2 ¼ h0 at the perturbation-free state), and the interface between the ﬁlm and the substrate as
y ¼ h1ðx; tÞ (h1 ¼ 0 at the perturbation-free state). The morphology of both the free surface and the interface
is a function of time t. The ﬁlm occupies the region, h1ðx; tÞ 6 y 6 h2ðx; tÞ, while the substrate occupies the
region 1 < y < h1ðx; tÞ. The vapor lies in y > h2ðx; tÞ. A constant vapor pressure is maintained in the vapor
phase. The interface between the elastic ﬁlm and the substrate is coherent with a misﬁt strain along the hor-
izontal direction of x as
x 
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0
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Fig. 1. Stress-driven morphological evolution of an elastic ﬁlm.
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where af and as are the lattice constants of the ﬁlm and the substrate, respectively.
Since the characteristic time for atomic migration is much larger than that for elastic response, quasi-static
equilibrium can be used to analyze the elastic deformation of the system at all time. The theory of linear elas-
ticity is used in the analysis. The deformation behavior in both the elastic ﬁlm and the substrate is assumed as
the plane strain state. The equilibrium equations describing the deformation of the elastic ﬁlm and the sub-
strate areorkij
oxj
¼ 0 ði; j ¼ x; y; k ¼ F; SÞ ð2Þwhere the repetition of an index denotes a summation with respect to that index over its range, rij is the stress
tensor, and the superscript and subscript (F,S) represent the ﬁlm and the substrate, respectively. The relation-
ship between the stress tensor and the strain tensor, eij, in the plane strain is (Yang and Srolovitz, 1993)ekxx ¼
1 m2k
E
rkxx 
mk
1 mk r
k
yy
 
ð3Þ
ekyy ¼
1 m2k
E
rkyy 
mk
1 mk r
k
xx
 
ð4Þ
ekxy ¼
1þ mk
Ek
rkxy ð5Þwith ekzz ¼ 0, which gives
rkzz ¼ mkðrkxx þ rkyyÞ ð6Þwhere E is Young’s modulus and m the Poisson ratio. Note no summation is used in Eqs. (3)–(6) on k. It is
worth pointing out that the relationship between the stress tensor and the strain tensor in the ﬁlm is diﬀerent
from that used by Leo and Sekerka (1989) and Spencer et al. (1993), in which the eﬀect of the misﬁt strain was
integrated in the stress–strain relation of the ﬁlm.
The relations between the components of the displacement vector, uki , and the components of the corre-
sponding strain tensor areekij ¼
1
2
ouki
oxj
þ ou
k
j
oxi
 !
ð7ÞThe misﬁt strain at the interface between the ﬁlm and the substrate giveseFxx  eSxx ¼ e0 at y ¼ h1ðx; tÞ ð8Þ
The coherent interface between the elastic ﬁlm and the substrate requires
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rFij  nj  ½rmisfitij  nj ¼ rSij  nj at y ¼ h1ðx; tÞ ð10Þwhere ½umisfit is the relative displacement on the interface due to the misﬁt strain, rmisfitij is the diﬀerence in the
misﬁt stresses across the interface created by the misﬁt strain, and ni are the components of the unit vector
normal to the interface. Eq. (9) is the same as the continuity of displacement used in the literature (Leo
and Sekerka, 1989; Spencer et al., 1993), if the misﬁt strain is integrated in the stress–strain relation of the
elastic layer. The boundary conditions at the free surface arerFij  nj ¼ 0 at y ¼ h2ðx; tÞ ð11ÞIn general, the activation energies for surface diﬀusion and interface diﬀusion are about half of that for lat-
tice diﬀusion, which suggests that the surface diﬀusion and the interface diﬀusion will control atomic migra-
tion for the stress relaxation at relatively low homologous temperatures. It is thus reasonable to assume that
the surface diﬀusion controls the evolution of the free surface and the interface diﬀusion controls the evolution
of the interface. Following the approach given by Nichols and Mullins (1965), one can express the growth rate
of the free surface asoh2ðx; tÞ
ot
¼ D
F
s XFdF
RT
r2slF at y ¼ h2ðx; tÞ ð12Þwhere lF is the chemical potential on the free surface, D
F
s is the surface diﬀusion coeﬃcient, XF is the partial
molar volume of atoms on the free surface, dF is the thickness of the surface diﬀusion layer, R is the gas con-
stant, T is the absolute temperature, and r2s is the surface Laplacian operator.
The growth rate of the ﬁlm–substrate interface can be expressed asoh1ðx; tÞ
ot
¼ D
FS
s XFSdFS
RT
r2slFS at y ¼ h1ðx; tÞ ð13Þwhere lFS is the chemical potential on the interface between the ﬁlm and the substrate, D
FS
s is the interface
diﬀusion coeﬃcient along the interface, XFS is the partial molar volume of atoms on the ﬁlm–substrate inter-
face, and dFS is the thickness of the ﬁlm–substrate interface diﬀusion layer.
For a stressed elastic material, the chemical potential on the free surface is given by (Asaro and Tiller, 1972;
Grinfel’d, 1986)lF ¼ lF0  cFXFjF þ XFDUFE at y ¼ h2ðx; tÞ ð14Þwhere l0 is the chemical potential of a ﬂat surface under the stress free condition, cF is the surface energy of the
free surface, jF is the mean curvature of the free surface, DUFE is the elastic strain energy per unit volume on
the free surface. The chemical potential on the interface islFS ¼ lFS0  cFSXFSjFS þ XFSðDUSE  DUFEÞ at y ¼ h1ðx; tÞ ð15Þwhere lFS0 is the chemical potential of a ﬂat interface under the stress free condition, cFS is the energy per unit
area required to separate the two surfaces in contact, jFS is the mean curvature of the interface, ðDUSE  DUFEÞ
is the diﬀerence of the elastic strain energies per unit volume on the interface. In contrast to the chemical po-
tential used in the literature (Larche and Cahn, 1985; Leo and Sekerka, 1989; Junqua and Grilhe´, 1995), the
strain energy from the coherence of the interface is included in the calculation of DUFE due to the use of Eqs.
(3)–(5). One can recover the chemical potential used in the literature from Eq. (15) by integrating the strain
due to the misﬁt strain in Eqs. (3)–(5).
The strain energy per unit volume in a plane strain state isDUkE ¼
1 m2k
Ek
ðrkxxÞ2
2
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k
yyÞ2
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3.1. Reference stress state
The displacement ﬁeld in the substrate under the completely relaxed state isuS;0x ¼ 0 and uS;0y ¼ 0 ð17Þ
where the superscripts, 0, represents the reference stress state.
The displacement ﬁeld in the ﬁlm subjected to a uniform misﬁt strain of Eq. (1) on the ﬁlm–substrate inter-
face isuF;0x ¼ e0x and uF;0y ¼ mFe0y=ð1 mFÞ ð18Þ
which giveseF;0x ¼ e0 and eF;0y ¼ mFe0=ð1 mFÞ ð19Þ
Thus, the stress ﬁeld describing the reference stress state in the ﬁlm isrF;0xx ¼ 2GFe0=ð1 mFÞ and rF;0yy ¼ 0 ð20Þ
where GF is the shear modulus of the ﬁlm, and the stress ﬁeld in the substrate isrS;0xx ¼ 0 and rS;0yy ¼ 0 ð21Þ
Eqs. (18)–(21) represent the strain and stress ﬁelds due to the misﬁt strain on the interface without any external
loading and surface/interface perturbation.3.2. Deformation ﬁeld to the ﬁrst order of approximation
For two-dimensional stress analysis, introduce a potential function, U, satisfyingr4U ¼ 0 ð22Þ
The relation between the potential function and the components of the stress tensor arerxx ¼ r0xx þ
o2U
oy2
; ryy ¼ r0yy þ
o2U
ox2
; and rxy ¼ r0xy 
o2U
oxoy
ð23ÞIn the substrate, the general expression of the potential function, US, isUS ¼ ½A1 expðxyÞ þ B1y expðxyÞ cosðxxÞ ð24Þ
in which A1 and B1 are two constants to be determined.
In the ﬁlm, the solution of Eq. (23) isUF ¼ ½A2 coshðxyÞ þ A02 sinhðxyÞ þ B2y sinhðxyÞ þ B02 coshðxyÞ cosðxxÞ ð25Þ
where A2, A
0
2, B2, and B
0
2 are four constants to be determined.
Now, consider morphological perturbation. On the free surface, a surface perturbation of sinusoidal form,
h2ðx; tÞ ¼ h0 þ d2ðtÞ cosðx2xÞ, is introduced. Here, d2ðtÞ is the amplitude of the perturbation with an initial
value of d2ð0Þ ¼ b, and x2 is the spatial frequency. Over the interface between the ﬁlm and the substrate, there
is an interfacial perturbation of h1ðx; tÞ ¼ d1ðtÞ cosðx1xÞ, in which d1ðtÞ is the amplitude of the perturbation
with an initial value of d1ð0Þ ¼ a, and x1 is the spatial frequency.
To determine the deformation in the bilayer structure introduced by the perturbations, a theory of linear
perturbation is used. The ﬁeld variables thus are expressed as
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rijðx; y; tÞ ¼ r;0ij þ r;1ij ðx; y; tÞ þ    ð27Þ
eijðx; y; tÞ ¼ e;0ij þ e;1ij ðx; y; tÞ þ    ð28Þwhere the superscript of 1 represents the solution of the ﬁrst order of approximation.
Using Eqs. (26)–(28), the boundary conditions of (8)–(11) can be linearized asuF;1x ¼ uS;1x and uF;1y ¼ uS;1y at y ¼ 0 ð29Þ
rF;1yy ¼ rS;1yy at y ¼ 0 ð30Þ
rF;1xy þ rF;0xx d1x1 sinðx1xÞ ¼ rS;1xy þ rS;0xx d1x1 sinðx1xÞ at y ¼ 0 ð31Þ
rF;1yy ¼ 0 at y ¼ h0 ð32Þ
rF;1xy þ rF;0xx d2x2 sinðx2xÞ ¼ 0 at y ¼ h0 ð33ÞThe general expressions of the stress components, the strain components and the displacement components
are given in Appendix A.
Using the boundary conditions of (29)–(33) and the expressions of the strain components given in Appen-
dix A, one obtainseF;1xx ¼ K2
x2rF;0xx cosðx2xÞ
2GFD2
d2  qP2qbS þ 1
x1rF;0xx cosðx1xÞ
2GFD1
d1 at y ¼ h0 ð34Þ
eF;1xx ¼ eS;1xx ¼ K1
x2rF;0xx cosðx2xÞ
2GSD2
d2 þ qP1qbS þ 1
x1rF;0xx cosðx1xÞ
2GSD1
d1 at y ¼ 0 ð35Þwhere GS is the shear modulus of the substrate, q ¼ GF=GS, and bk ¼ 1 2mk. The parameters of K1, P1, K2,
and P2 are given in Appendix B.
The strain energy density on the free surface to the ﬁrst order of approximation isDUFE ¼
rF;0xx e
F;0
xx
2
 K2 x2ðr
F;0
xx Þ2 cosðx2xÞ
2GFD2
d2  qP2qbS þ 1
x1ðrF;0xx Þ2 cosðx1xÞ
2GFD1
d1 ð36ÞThe diﬀerence of the strain energy density on the ﬁlm–substrate interface to the ﬁrst order of approximation isDUSE  DUFE ¼
rF;0xx e
F;0
xx
2
 K1 x2ðr
F;0
xx Þ2 cosðx2xÞ
2GSD2
d2 þ qP1qbS þ 1
x1ðrF;0xx Þ2 cosðx1xÞ
2GSD1
d1 ð37Þ4. Morphological evolution of the structure
For the surface perturbation, h2 ¼ h0 þ d2 cosðx2xÞ, the small slope approximation is used to calculate the
mean surface curvature asjF ¼ o
2h2ðx; tÞ
ox2
¼ d2x22 cosðx2xÞ ð38ÞFor the ﬁlm–substrate interface perturbation, h1 ¼ d1 cosðx1xÞ, the small slope approximation givesjFS ¼ o
2h1ðx; tÞ
ox2
¼ d1x21 cosðx1xÞ ð39ÞThe chemical potential on the free surface of the elastic ﬁlm islF ¼ lF0 þ cFXFd2x22 cosðx2xÞ þ
XFrF;0xx e
F;0
xx
2  K2
XFðrF;0xx Þ2x2 cosðx2xÞ
2GFD2
d2
 qP2qbS þ 1
XFðrF;0xx Þ2x1 cosðx1xÞ
2GFD1
d1 at y ¼ h0
ð40Þand the chemical potential on the ﬁlm–substrate interface is
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XFSrF;0xx e
F;0
xx
2  K1
XFSðrF;0xx Þ2x2 cosðx2xÞ
2GSD2
d2
þ qP1qbS þ 1
XFSðrF;0xx Þ2x1 cosðx1xÞ
2GSD1
d1 at y ¼ 0
ð41ÞThus, the chemical potentials are a linear function of the perturbation amplitudes (d1 and d2). According to Eqs.
(12) and (13), the morphological evolution of the elastic ﬁlm depends on the interaction between the surface per-
turbation and the interfacial perturbation. This requires the use of numerical method in determining the critical
spatial frequency for the zero growth rate. In the following, we only focus on relatively simple case,x1 ¼ x2 ¼ x.
For x1 ¼ x2 ¼ x, the substitution of (40) and (41) into Eqs. (12) and (13) gives the dispersion equations
describing the morphological evolution of the elastic ﬁlm asod2
ot
¼ D
F
s ðXFÞ2dF
RT
f2ðx; h0Þ  D
F
s ðXFÞ2dF
RT
x3 cFx
ðrF;0xx Þ2
2GFD
K2
 !
d2  ðr
F;0
xx Þ2
2GFD
q
qbS þ 1
 
P2d1
( )
ð42Þfor the free surface, andod1
ot
¼ D
FS
s ðXFSÞ2dFS
RT
f1ðx; h0Þ
 D
FS
s ðXFSÞ2dFS
RT
x3 ðr
F;0
xx Þ2aF
2GSD
K1d2 þ cFSxþ ðr
F;0
xx Þ2
2GSD
q
qbS þ 1P1
( )
d1
( )
ð43Þfor the ﬁlm–substrate interface. Here, aF ¼ 2ð1 mFÞ, cS ¼ 3 4mS, and
D ¼ a2F þ ð1þ 2qbS  q2cSÞðxh0Þ2 þ 2aSaFq sinhðxh0Þ coshðxh0Þ þ ðcF þ 2qbSbF þ q2cSÞsinh2ðxh0Þ ð44ÞIt should be pointed out that the frequency in the parameters of K1, K2,P1, and P2 becomes x. Obviously, the
morphological evolution of the elastic ﬁlm depends on the competition among the external stresses, the surface
energy, and the interfacial energy. The growth rates are a linear function of the perturbations. It is worth men-
tioning that Eqs. (42) and (43) are the general formulae, including two special cases with jd1j ¼ jd2j of the same
phase and the opposite phase as discussed by Sridhar et al. (1997b) and Junqua and Grilhe´ (1995). To analyze
the opposite phase, one can add a negative sign to d2 or d1. This will only change the sign of the corresponding
coeﬃcients in Eqs. (42) and (43).
From Eqs. (42) and (43), the dispersion relation for the growth of the perturbations of the same phase can
be written asd2d
dt2
¼ ðc11 þ c22Þ dd
dt
þ ðc12c21  c11c22Þd ð45Þwhere d ¼ d1 or d2 andc11 ¼ Nx3 gfxþ g ðr
F;0
xx Þ2
2GScFD
q
qbS þ 1P1
( )
; c12 ¼ Nx3 g ðr
F;0
xx Þ2
2GScFD
K1
( )
c21 ¼ Nx3  ðr
F;0
xx Þ2
2GScFD
1
qbS þ 1
 
P2
( )
; c22 ¼ Nx3 x ðr
F;0
xx Þ2
2GSqcFD
K2
( )with N ¼ DFs ðXFÞ2dFcF=RT , g ¼ DFSs ðXFSÞ2dFS=DFs ðXFÞ2dF, and f ¼ cFS=cF.
The solution of Eq. (45) gives the growth behavior of the perturbations asd ¼ C1 exp½a1t þ C2 exp½a2t ð46Þ
Here,C1 ¼ ½ðc11  a2Þaþ c12b=ða1  a2Þ and C2 ¼ ½ðc11  a1Þaþ c12b=ða1  a2Þ
for d1, and
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for d2. The parameters, a1 and a2, area1 ¼
ðc11 þ c22Þ þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðc11 þ c22Þ2 þ 4ðc21c12  c11c22Þ
q
2
a2 ¼
ðc11 þ c22Þ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðc11 þ c22Þ2 þ 4ðc21c12  c11c22Þ
q
2Obviously, the growth rates of the perturbations depend on the elastic parameter of ðrF;0xx Þ2h0=2GScF, the ratio
of the interfacial energy to the surface energy, the shear modulus ratio of the ﬁlm to the substrate, and the
ratio of the diﬀusion coeﬃcients. It is worth pointing out that the amplitudes of the perturbations will oscillate
as a function of time with the oscillatory frequency of jðc11 þ c22Þ2 þ 4ðc21c12  c11c22Þj1=2 for ðc11 þ c22Þ2þ
4ðc21c12  c11c22Þ < 0.
The critical perturbation frequency for the zero growth rate of the perturbations is then determined by the
roots of the following two equationsðc11 þ c22Þ þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðc11 þ c22Þ2 þ 4ðc21c12  c11c22Þ
q
¼ 0 ð47Þ
ðc11 þ c22Þ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðc11 þ c22Þ2 þ 4ðc21c12  c11c22Þ
q
¼ 0 ð48ÞIn the following, consider several limiting cases.
Case 1. Free surface perturbation only at t ¼ 0, i.e., d1ð0Þ ¼ 0.
Consider the sinusoidal ﬂuctuation being introduced only along the free surface. Eq. (42) reduces tood2
ot
¼ D
F
s ðXFÞ2dF
RT
x3 cFx
ðrF;0xx Þ2
2GFD
K2d2
 !
ð49Þwhich is the same as the result given by Spencer et al. (1993) if rF;0xx ¼ 2GFeð1þ mFÞ=ð1 mFÞ. However, Eq.
(43) givesod1
ot
¼ D
FS
s ðXFSÞ2dFS
RT
x3 ðr
F;0
xx Þ2aF
2GSD
K1d2
 !
ð50ÞThe perturbation propagates from the free surface to the interface and causes interfacial ﬂuctuation on the ﬁlm–
substrate interfacewith the sameorderason the free surface. It seems that thisphenomenonhasnotbeen reported.
Case 2. Materials properties of the elastic ﬁlm are the same as the substrate, i.e., q ¼ 1 and
m1 ¼ m2 ¼ m:For q ¼ 1 and m1 ¼ m2 ¼ m, Eqs. (42) and (43) reduce tood2
ot ¼
DFs ðXFÞ2x3dF
RT d2 cFx
ðrF;0xx Þ2~a
2G
 
ðr
F;0
xx Þ2
2GD
d1
~a ð2~a2ð1þxh0Þ½cosh
3ðxh0Þþ sinh3ðxh0Þ

þ½~a2ð~b1Þxh0~að~cþ~a2~bÞcoshðxh0Þþ ½~b2þ~a22~a2~b~a~b3þð~a2ð~aþ1Þþ1Þxh0sinhðxh0ÞÞ
o ð51Þ
od1
ot ¼
DFSs ðXFSÞ2x3dFS
RT 
d2ðrF;0xx Þ2~a2
2GD ð~axh0Þ½sinhðxh0Þþ coshðxh0Þ

þd1 cFSxðr
F;0
xx Þ2
2GD ½~asinhðxh0Þð1þ coshðxh0ÞÞ~að~bxh0Þð~axh0Þþ1
  ð52Þwith D ¼ ~a2½1þ 2 sinhðxh0Þ coshðxh0Þ þ 2sinh2ðxh0Þ, ~a ¼ 1 2m, and ~c ¼ 3 4m.
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For h0 !1, the elastic ﬁlm reduces to a half-space. There is no interaction for the morphological growth
between the free surface and the interface. Thus, let a ¼ 0. Eq. (42) becomesFig. 2.od2
ot
¼ D
F
s ðXFÞ2dF
RT
x3 cFx
ðrF;0xx Þ2
2GFD
K2d2
 !
ð53ÞHere,K2 ¼ aF½qaSaF þ ð1þ 2qbS  q2cSÞxh0 þ ðcF þ 2qbSbF þ q2cSÞ sinhðxh0Þ coshðxh0Þ þ 2qaSaFsinh2ðxh0Þ
ð54Þwith aS ¼ 2ð1 mSÞ. For h0 !1; Eq. (53) becomes
1
d2
od2
ot
¼ D
F
s ðXFÞ2dFx3
RT
cFx
2ð1 m2FÞðrF;0xx Þ2
EF
 !
ð55ÞDependence of the functions a1 and a2 on the spatial frequency for diﬀerent values of the elastic parameter ðrF;0xx Þ2h0=2GScF: (a) a1 and (b) a2.
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Case 4. Thin ﬁlms with xh0 ! 0:
For thin ﬁlms with xh0 ! 0, Eqs. (42) and (43) reduce toFig. 3.
and (bod2
ot ¼ 
DFs ðXFÞ2dFx3
RT cFx
ðrF;0xx Þ2aF
2GFD
½qaSaF þ 2aFð1þ qbSÞxh0
 
d2

ðr
F;0
xx Þ2
2GFD
q
qbS þ 1 ½aSð1 qa
2
FbSÞ þ ½qðaFaS þ cFcS  aFbFb2SÞ  bSð2a2F þ 1Þxh0d1
 ð56Þ
od1
ot ¼ 
DFSs ðXFSÞ2dFS
RT x
3 ðr
F;0
xx Þ2aF
2GSD
ðaSaF þ aFbSxh0Þd2

þ cFSxþ ðr
F;0
xx Þ2
2GSD
q
qbS þ 1 ½aSaFðaS þ 1Þxh0 þ aSa
2
FbS  aS=q
 
d1
 ð57ÞEﬀect of the elastic parameter on the critical frequency and the spatial frequency at the maximum growth rate: (a) the a1 branch
) the a2 branch.
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5. Numerical calculation and discussion
In the above section, the dispersion equations for four limited cases of the morphological evolution have
been discussed. To obtain more general results, numerical calculation is used to understand the eﬀects of
the elastic parameter ððrF;0xx Þ2h0=2GScFÞ, the ratio of elastic modulus (q), the ratio of the surface energy to
the interfacial energy (f), and the ratio of diﬀusion coeﬃcients (g). In the calculation, we use m1 ¼ m2 ¼ 1=3.
Fig. 2 shows the eﬀect of the spatial frequency on the functions (a1 and a2) for diﬀerent values of the elastic
parameter, ðrF;0xx Þ2h0=2GScF. The function a1 increases with the increase of the spatial frequency and reaches
the maximum, and then it deceases with the spatial frequency and becomes negative. Thus, there exists a crit-
ical frequency of xa1cr at which the growth rate controlled by a1 is zero—any perturbation with x < x
a1
cr will
lead to morphological instability. Also there is a frequency of xa1max at which the growth rate controlled by
a1 is maximum. In contrast, the function a2 displays two critical frequencies, xa2cr1 and x
a2
cr2
(xa2cr2 < x
a2
cr1
), while
it has only one frequency of xa2max at which the growth rate controlled by a2 is maximum. Any perturbation
with xa2cr2 < x < x
a2
cr1
will introduce morphological instability. Therefore, the critical frequency for the zero
growth rate is determined by the maximum root (maxðxa1cr ;xa2cr2Þ) of Eqs. (47) and (48). It should be mentioned
that the dash lines in Fig. 2 represent the contribution only from the real part of a1 or a2, since the imaginary
part of a1 and a2 attributes to the oscillation in the amplitude of the perturbations.
Fig. 3 depicts the dependence of the critical frequencies (xa1cr , x
a2
cr1
, and xa2cr2Þ and the spatial frequencies for
the maximum growth rate (xa1max and x
a2
maxÞ on the elastic parameter ðrF;0xx Þ2h0=2GScF. For the a1 branch, both
the critical frequency and the spatial frequency for the maximum growth rate start at nil for rF;0xx ¼ 0 (no mis-
match strain), increase to local maximum, then decrease to local minimum, and ﬁnally increase with the elastic
parameter. Such local oscillation corresponds to the oscillation in the amplitude of the perturbations as shown
in Fig. 2. For the a2 branch, there exists a threshold mismatch stress, rF;0xx
		
th
. When rF;0xx < r
F;0
xx
		
th
, the pertur-
bation is suppressed. The morphological instability of the system is controlled by the branch a1. For
rF;0xx > r
F;0
xx
		
th
, the critical frequency of xa2cr1 increases with the increase in the elastic parameter, while the critical
frequency of xa2cr2 decreases with the elastic parameter and approaches zero. The spatial frequency for the max-
imum growth rate ﬁrst decreases with the increase of the elastic parameter, reaches the minimum, and then
increases with the elastic parameter. Comparing xa2cr1 to x
a1
cr , one can easily ﬁnd out that the eﬀect of the elastic
parameter on the morphological evolution of the system is generally controlled by the critical frequency of xa1cr
from the a1 branch under the simulation conditions.Fig. 4. Eﬀect of the modulus ratio on the critical frequencies and the spatial frequencies at the maximum growth rate.
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at the maximum growth rate, xmax, is depicted in Fig. 4 for the functions of a1 and a2. Both the critical fre-
quencies and the spatial frequencies at the maximum growth rate decreases with the modulus ratio. This indi-
cates that, for the same thickness of the surface coating, the critical frequencies decreases with the decrease in
the modulus of the substrate due to less conﬁnement of the substrate to the motion of the surface ﬁlm. Mor-
phological instability will easily occur for the surface and interfacial perturbations with long wavelength, while
the surface and interfacial perturbations with short wavelength can easily lead to the morphological growth of
the surface ﬁlm for stiﬀer substrate. For q < 1, xa2cr1 > x
a1
cr , and for q > 1, x
a2
cr1 approaches to x
a1
cr . Thus, any
morphological perturbation with x < xa2cr1 will lead to morphological instability and the formation of surface
islands over the substrate under the simulation conditions.
The eﬀect of the ratio of the interface diﬀusivity to the surface diﬀusivity, gð¼ DFSs ðXFSÞ2dFS=DFs ðXFÞ2dFÞ, is
shown in Fig. 5. For the a1 branch, the parameter g has only a little eﬀect on both the critical frequency and
the spatial frequency at the maximum growth rate, which decrease slightly and become independent of g. For
the a2 branch, the critical frequency, x
a2
cr1, and the spatial frequency at the maximum growth rate decrease with
the increases in the parameter g, while the critical frequency, xa2cr2, is independent of the change in g. There
exists a critical value of gcr (gcr ¼ 3:9 under the simulation conditions), at which xa2cr2 ¼ xa1cr . For 1 < g < gcr
the growth behavior is determined by the a2 branch, which is controlled by the competition between the sur-
face diﬀusion and the interfacial diﬀusion. The mass transport along the interface dominates and controls the
evolution of morphological perturbation. For g > gcr, the growth behavior is determined by the a1 branch.
The critical frequency determining the morphological instability is independent of the ratio of the interface
diﬀusivity to the surface diﬀusivity.
Fig. 6 shows the eﬀect the ratio (f) of the surface energy to the interfacial energy on the critical frequencies
and the spatial frequencies at the maximum growth rate. For the a1 branch, there is only one critical fre-
quency. Both the critical frequency and the spatial frequencies at the maximum growth rate increase with
the increase in the ratio of f. For large ratio of the surface energy to the interfacial energy, the growth behavior
of the a1 branch is mainly determined by the surface energy. For the a2 branch, there exist two critical frequen-
cies xa2cr1 and x
a2
cr2
same as before. The critical frequency xa2cr1 and the spatial frequency at the maximum growth
rate decrease with the increase of the ratio f, while the critical frequency xa2cr2 increases with the ratio. All of
them converge to the same value at a threshold ratio of fcr. For f > fcr, the eﬀect of the a2 branch on the
growth behavior of morphological perturbation vanishes. The morphological instability is simply determined
by the growth behavior of the a1 branch. For small ratio of the surface energy to the interfacial energy, theFig. 5. Eﬀect of the ratio of the interface diﬀusivity to the surface diﬀusivity on the critical frequencies and the spatial frequencies at the
maximum growth rate.
Fig. 6. Eﬀect of the ratio of the surface energy to the interfacial energy on the critical frequency and the spatial frequency at the maximum
growth rate: (a) the a1 branch and (b) the a2 branch.
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major role in controlling the evolution of morphological perturbation. For large ratio of the surface energy
to the interfacial energy, surface instability dominates for the surface ﬁlm.6. Conclusion
The morphological instability of a strained surface ﬁlm deposited on a compliant substrate has been eval-
uated by developing a kinetic model and using a linear stability analysis. In contrast to conventional analysis,
morphological ﬂuctuations are introduced along both the free surface and the interface between the ﬁlm and
the substrate and the coupling eﬀects between the coating and the substrate are analyzed. In the analysis, the
surface diﬀusion and the interfacial diﬀusion are assumed to be the atomic transport mechanisms controlling
the morphological evolution, and the elastic eﬀects are incorporated in the calculation of the chemical poten-
tial. A new quadratic dispersion relationship for the growth rate of the longitudinal surface and interfacial
perturbations along the free surface and the interface has been established, which is diﬀerent from the classical
1084 W. Song, F. Yang / International Journal of Solids and Structures 45 (2008) 1071–1086results. The propagation of the surface perturbations from the free surface to the interface is revealed. The
morphological evolution is determined by two branches, a1 and a2, and the morphological stability is governed
by four dimensionless parameters, ðrF;0xx Þ2h0=2GScF, GF=GS, DFSs ðXFSÞ2dFS=DFs ðXFÞ2dF, and cFS=cF. Four limit-
ing cases are discussed, which are in agreement with the results reported in the literature.
The morphological instability of the surface coating is illustrated by using numerical simulation. There
exists only one critical frequency for the a1 branch, while there are two critical frequencies for the a2 branch.
Morphological instability will occur for the ﬂuctuations with x < maxðxa1cr ;xa2cr2Þ. In general, xa2cr1 approaches
xa1cr for larger elastic parameter of ðrF;0xx Þ2h0=2GScF, suggesting that the stored strain energy controls the mor-
phological instability of the ﬁlm when subjected to large mismatch strain. When the surface diﬀusion is much
faster than the interface diﬀusion, the growth behavior is determined by the a1 branch and the critical fre-
quency becomes independent of the ratio of DFSs ðXFSÞ2dFS=DFs ðXFÞ2dF. For large ratio of the surface energy
to the interfacial energy, surface instability dominates for the surface ﬁlm.
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Appendix A
Consider a bilayer system consisting of a stressed elastic layer and an elastic half-space as shown in Fig. 1.
Both the free surface and the interface are subjected to morphological perturbations of sinusoidal form with
the spatial frequency of x. In general, the stress components in the elastic half-space can be expressed to the
ﬁrst order of approximation asr1;Sxx ¼ fA1x2 expðxyÞ þ B1½2x expðxyÞ þ x2y expðxyÞg cosðxxÞ ðA1Þ
r1;Syy ¼ x2fA1 expðxyÞ þ B1y expðxyÞg cosðxxÞ ðA2Þ
r1;Sxy ¼ xfA1x expðxyÞ þ B1½expðxyÞ þ xy expðxyÞg sinðxxÞ ðA3Þand the strain components to the ﬁrst order of approximation ase1;Sxx ¼
1
2GS
fA1x2 expðxyÞ þ B1½2xð1 mSÞ expðxyÞ þ x2y expðxyÞg cosðxxÞ ðA4Þ
e1;Syy ¼ 
1
2GS
fA1x2 expðxyÞ þ B1½2xmS expðxyÞ þ x2y expðxyÞg cosðxxÞ ðA5Þ
e1;Sxy ¼
x
2GS
fA1x expðxyÞ þ B1½expðxyÞ þ xy expðxyÞg sinðxxÞ ðA6ÞThe displacement components can be expressed to the ﬁrst order of approximation asu1;Sx ¼
1
2GS
fA1x expðxyÞ þ B1½2ð1 mSÞ expðxyÞ þ xy expðxyÞg sinðxxÞ ðA7Þ
u1;Sy ¼ 
1
2GS
fA1x expðxyÞ þ B1½ð2mS  1Þ expðxyÞ þ xy expðxyÞg cosðxxÞ ðA8ÞHere, A1 and B1 are constants.
Similarly, the stress components in the ﬁlm can be expressed to the ﬁrst order of approximation asr1;Fxx ¼ cosðxxÞfA2x2 coshðxyÞ þ A02x2 sinhðxyÞ þ B2½2x coshðxyÞ þ x2y sinhðxyÞ
þ B02½2x sinðxyÞ þ x2y coshðxyÞg ðA9Þ
r1;Fyy ¼ x2fA2 coshðxyÞ þ A02 sinhðxyÞ þ B2y sinhðxyÞ þ B02y coshðxyÞg cosðxxÞ ðA10Þ
r1;Fxy ¼ x sinðxxÞfA2x sinhðxyÞ þ A02x coshðxyÞ þ B2½sinhðxyÞ þ xy coshðxyÞ ðA11Þ
þ B02½cosðxyÞ þ xy sinhðxyÞg
W. Song, F. Yang / International Journal of Solids and Structures 45 (2008) 1071–1086 1085and the strain components to the ﬁrst order of approximation ase1;Fxx ¼
x cosðxxÞ
2GF
fA2x coshðxyÞ þ A02x sinhðxyÞ þ B2½2ð1 mFÞ coshðxyÞ þ xy sinhðxyÞ
þ B02½2ð1 mFÞ sinðxyÞ þ xy coshðxyÞg ðA12Þ
e1;Fyy ¼
x cosðxxÞ
2GF
fA2x coshðxyÞ þ A02x sinhðxyÞ þ B2½2mF coshðxyÞ þ xy sinhðxyÞ
þ B02½2mF sinðxyÞ þ xy coshðxyÞg ðA13Þ
e1;Fxy ¼
x sinðxxÞ
2GF
fA2x sinhðxyÞ þ A02x coshðxyÞ þ B2½sinhðxyÞ þ xy coshðxyÞ ðA14Þ
þ B02½cosðxyÞ þ xy sinhðxyÞg
The displacement components can be expressed to the ﬁrst order of approximation asu1;Fx ¼
sinðxxÞ
2GF
fA2x coshðxyÞ þ A02x sinhðxyÞ þ B2½2ð1 mFÞ coshðxyÞ þ xy sinhðxyÞ
þ B02½2ð1 mFÞ sinhðxyÞ þ xy coshðxyÞg ðA15Þ
u1;Fy ¼ 
cosðxxÞ
2GF
fA2x sinhðxyÞ þ A02x coshðxyÞ þ B2½ð2mF  1Þ sinhðxyÞ þ xy coshðxyÞ
þ B02½ð2mF  1Þ coshðxyÞ þ xy sinhðxyÞg ðA16ÞHere, A2, B2, A
0
2, and B
0
2 are constants.
Appendix B
2P1 ¼ aSðbS  qcSÞsinh ðx1h0Þ þ aFðbS  aScS þ qbScSÞ sinhðx1h0Þ coshðx1h0Þ
þ ðaFbS  aSx1h0Þ½ðbS  qcSÞx1h0 þ aSaF  aS=q ðB1Þ
K1 ¼ aF½ðbSbF þ qcS  aSx2h0Þ sinhðx2h0Þ þ ½aSaF  ðqcS  bSÞx2h0 coshðx2h0Þ ðB2Þ
K2 ¼ aF½qaSaF þ ð1þ 2qbS  q2cSÞx2h0 þ ðcF þ 2qbSbF þ q2cSÞ sinhðx2h0Þ coshðx2h0Þ
þ 2qaSaFsinh2ðx2h0Þ ðB3Þ
P2 ¼ aS½cF  2qbS þ q2cS þ 2qaSx1h0cosh3ðx1h0Þ
þ sinh3ðx1h0Þð½bScF þ qða2S þ b2S þ cScFÞ  q2bScS þ aS½q2cS þ 2qbSbF þ cFx1h0=aFÞ
þ coshðx1h0ÞðaS½q2cS þ qbSð2 a2FÞ  2bF
þ ½aFbS þ qðaFcS  aFb2S  2a2SÞ þ q2aFbScSx1h0  aSðq 1ÞðqcS þ 1Þðx1h0Þ2Þ
þ sinhðx1h0ÞðbSðbF  2a2FÞ  qaF½ðb2SbF  b2S  a2SÞ þ qbScS
þ ½aSðqa2FbS þ 2a2F þ 1Þx1h0 þ ðaFbS  aSx1h0Þðq 1ÞðqcS þ 1Þðx1h0Þ2=aFÞ ðB4ÞReferences
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